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Abstract
The retainability of canonical distributions for a Brownian particle controlled by a time-
dependent harmonic potential is investigated in the overdamped and underdamped situations,
respectively. Because of different time scales, the overdamped and underdamped Langevin equa-
tions (as well as the corresponding Fokker-Planck equations) lead to distinctive restrictions on
protocols maintaining canonical distributions. Two special cases are analyzed in details: First, a
Brownian particle is controlled by a time-dependent harmonic potential and embedded in medium
with constant temperature; Second, a Brownian particle is controlled by a time-dependent har-
monic potential and embedded in a medium whose temperature is tuned together with the potential
stiffness to keep a constant effective temperature of the Brownian particle. We find that the canon-
ical distributions are usually retainable for both the overdamped and underdamped situations in
the former case. However, the canonical distributions are retainable merely for the overdamped
situation in the latter case. We also investigate general time-dependent potentials beyond the
harmonic form and find that the retainability of canonical distributions depends sensitively on the
specific form of potentials.
PACS numbers: 05.70.Ln, 05.40.Jc, 05.70.Ce
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I. INTRODUCTION
In statistical mechanics, canonical distribution is a crucial and universal distribution
function for equilibrium systems in contact with thermal reservoirs. This kind of distribu-
tion function ensures the equipartition of energy of the system, based on which we may
easily define an effective temperature of the system in the sense of statistical mechanics. In
equilibrium system, the defined effective temperature is exactly equal to the temperature of
thermal reservoir [1]. If the distribution function of a system maintains canonical form when
it departs from equilibrium, the equipartition of energy of the system still holds. Therefore,
we may define the effective temperature of this non-equilibrium system in analogy with the
equilibrium situation.
On the other hand, most systems discussed in classical thermodynamics are in equilibrium
or quasi-static states where we need not mention the distribution functions of systems. A
famous example is the Carnot cycle, which consists of two isothermal and two adiabatic
processes. The efficiency of ideal Carnot heat engine, so called the Carnot efficiency, gives
the upper bound of efficiencies of heat engines operating between two thermal reservoirs.
Since the isothermal processes are in quasi-static states, we may expect that the distribution
function of the heat engine (the working substance) follows canonical distribution in each
isothermal process. The realization of quasi-static process requires infinite duration of the
Carnot cycle while the work done by engine in each cycle is finite. Thus the power output of
the Carnot heat engine is vanishing, which limits the practical applications of Carnot heat
engines. To achieve finite power output, the cycle should be accelerated. This requirement
gives rise to the development of finite-time thermodynamics [2–4].
One of the key topics in finite-time thermodynamics is the issue of efficiency at maximum
power. The well-known Curzon-Ahlborn efficiency ηCA ≡ 1 −
√
Tc/Th was phenomenolog-
ically derived for an endoreversible heat engine operating at maximum power [4], where
Th and Tc represent the temperatures of the hot reservoir and cold reservoir, respectively.
This result has attracted much attention from physicists and engineers for many years [5–
29]. Recently, two stochastic models [28, 29] of heat engines have been proposed to discuss
the availability of the Curzon-Ahlborn efficiency from the level of statistical mechanics.
Schmiedl et al [28] constructed a stochastic heat engine by using a time-dependent har-
monic potential to control a Brownian particle. With the consideration of the overdamped
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situation, they found that the efficiency at maximum power of their stochastic heat engine
is slightly smaller than the Curzon-Ahlborn efficiency. In the isothermal processes of their
heat engine, the distribution functions of the Brownian particle keep canonical (Gaussian
form for harmonic potential) if they are initially canonical. Recently, one of the present
authors [29] generalized their stochastic heat engine into the underdamped situation and re-
covered the Curzon-Ahlborn efficiency exactly. The canonical distributions are also retained
in the isothermal processes of this model. In both models, the retainability of canonical dis-
tributions are crucial for their discussions. A natural question is: what conditions make the
canonical distributions to be retainable for finite-time processes? In addition, the isothermal
processes in the above stochastic heat engines are not really “isothermal” in the traditional
sense, since the effective temperature of the Brownian particle is a time-dependent vari-
able although the temperature of the medium keeps constant in each isothermal precesses.
Whether can we maintain the canonical distributions with constant effective temperatures
by simultaneously tuning the potential stiffness and the medium temperature?
In this work, we aim at answering the two aforementioned questions. The rest of this
paper is organized as follows. In Sec. II, the general equations of motion are introduced. In
Sec. III and Sec. IV, we study the canonical distributions (Gaussian form) of a Brownian
particle controlled by a time-dependent harmonic potential in the overdamped situation
and underdamped situation, respectively. We divide each sections into two cases: First,
the canonical distribution corresponds to a time-dependent effective temperature while the
temperature of the reservoir keeps constant; Second, the canonical distribution corresponds
to a constant effective temperature while the temperature of the reservoir is tuned. In Sec. V,
we further discuss the requirements to retain canonical distributions in general potentials.
II. EQUATIONS OF MOTION
We consider a Brownian particle moving in a one-dimensional potential. Let x and p
represent the coordinate and the momentum of the particle, respectively. A time-dependent
potential U(x, λ) is applied on the particle, where the function λ = λ(t) represents the
controlling protocol. The motion of the Brownian particle may be described by the Langevin
equation [30]:
dx
dt
= p,
dp
dt
= −
∂U(x, λ)
∂x
− γp+ ξ(t), (1)
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where γ is the coefficient of friction and ξ(t) represents the Gaussian white noise satisfying
〈ξ(t)〉 = 0 and 〈ξ(t)ξ(t′)〉 = 2γTδ(t − t′). Here T represents the temperature of thermal
reservoir. For the sake of simplicity, we have set the mass of particle and the Boltzmann
factor to be unit. If the coefficient of friction, γ, is so large that we can neglect the inertial
effect, the Langevin equation will reduce to
0 = −
∂U(x, λ)
∂x
− γ
dx
dt
+ ξ(t). (2)
The Langevin equations mentioned above are derived by eliminating the rapidly varying
degrees of freedom in a more detailed microscopic model. Each Langevin equation has a
suitable time resolution. The time resolution of the underdamped Langevin equation (1)
is the duration between successive collisions from the molecules of medium, which is much
smaller than the damping time of inertia effect τc ≡ 1/γ. However, the overdamped Langevin
equation (2) holds only for systems whose time resolutions are much larger than τc. Different
from the underdamped Langevin equation, the overdamped Langevin equation loses some
information in the timescales smaller than τc [31, 32]. It was recently found that the over-
damped Langevin equation (2) fails to express the entropy production, while an anomalous
entropy production may arise in the limit of small inertia of the underdamped case [33–37].
The difference that we will derive below between overdamped case and underdamped case
might be related to this effect.
Corresponding to the Langevin equations, the distribution functions ρ of the Brownian
particle are governed by the Fokker-Planck equations [30],
∂ρ
∂t
= −
∂
∂x
(pρ) +
∂
∂p
(
γpρ+
∂U
∂x
ρ+ γT
∂ρ
∂p
)
(3)
in the underdamped situation and
∂ρ
∂t
=
1
γ
∂
∂x
(
∂U
∂x
ρ+ T
∂ρ
∂x
)
(4)
in the overdamped situation, respectively.
III. RETAINABILITY OF CANONICALDISTRIBUTIONS IN THE OVERDAMPED
SITUATION
In this section, we mainly consider a Brownian particle controlled by a time-dependent
harmonic potential U(x, λ) = λ(t)x2/2 in the overdamped situation. The canonical distribu-
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tions (Gaussian form) in the configuration space have been used by Schmiedl and Seifert [28]
when they investigated the efficiency at maximum power of stochastic heat engines. Here,
we will investigate the retainability of canonical distributions in the overdamped situation.
A. Time-dependent effective temperature
In this subsection, we consider a Brownian particle embedded in medium with constant
temperature. We investigate how to maintain the canonical distribution (Gaussian form)
function
ρ(x, t) =
√
β(t)λ(t)
2pi
exp
(
−β(t)
λ(t)x2
2
)
(5)
for a Brownian particle controlled by a time-dependent harmonic potential. The above
distribution function (5) implies that 1/β(t) could be interpreted as an effective temperature
of the Brownian particle in the sense of statistical ensemble. Substituting Eq. (5) into the
overdamped Fokker-Planck equation (4), we obtain
1
2
(
β˙β−1 + λ˙λ−1
)
ρ−
1
2
(
β˙λ+ βλ˙
)
ρx2 =
λ
γ
(
1− βT
)
ρ−
βλ2
γ
(
1− βT
)
ρx2. (6)
In this paper, the dot on a variable represents the derivative of that variable with respect
to time. Comparing the left-hand side and right-hand side of the above equation, we obtain
β˙λ+ βλ˙ = 2(1− βT )
βλ2
γ
(7)
due to the arbitrariness of coordinate x.
Equation (7) is a first order ordinary differential equation for any given protocol λ =
λ(t). We can usually find its solution β = β(t) such that the distribution functions remain
canonical all the time if they are initially canonical. Thus the canonical distribution with
time-dependent effective temperature is retainable in the overdamped situation.
B. Constant effective temperature
In the above subsection, we have discussed the retainablitiy of canonical distributions
with time-dependent effective temperature for the Brownian particle. We wonder if it is
possible to realize a truly “isothermal” process for the Brownian particle, where the effective
temperature is kept constant by tuning the potential stiffness λ(t) and medium temperature
T (t), simultaneously.
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When the effective temperature is constant, the canonical distribution (Gaussian form)
function becomes
ρ(x, t) =
√
β0λ(t)
2pi
exp
(
−β0
λ(t)x2
2
)
(8)
with 1/β0 being the constant effective temperature. It is not hard to verify that the above
distribution function is retainable if
γλ˙ = 2[1− β0T (t)]λ
2 (9)
is fulfilled. From Eq. (9), we obtain
T (t) =
1
β0
[
1−
γλ˙
2λ2
]
. (10)
That is, for any given protocol λ = λ(t), if the temperature of medium is tuned according to
Eq. (10), the canonical distribution (8) with constant effective temperature 1/β0 is retainable
in the overdamped situation. Therefore, the truly “isothermal” process could be realized by
tuning T (t) and λ(t) according to Eq. (10).
IV. RETAINABILITY OF CANONICAL DISTRIBUTIONS IN THE UNDER-
DAMPED SITUATION
In this section, we mainly consider a Brownian particle controlled by a time-dependent
harmonic potential U(x, λ) = λ(t)x2/2 in the underdamped situation. The canonical dis-
tributions (Gaussian form) in the whole phase space have been used by one of the present
authors [29] when investigating the efficiency at maximum power of underdamped stochas-
tic heat engines. Here, we will investigate the retainability of canonical distributions in the
underdamped situation.
A. Time-dependent effective temperature
Now we consider a Brownian particle embedded in medium with constant temperature
and investigate how to maintain the canonical distribution (Gaussian form) function
ρ(x, p, t) =
√
β2(t)λ(t)
2pi
exp
[
−β(t)
(
p2
2
+
λ(t)x2
2
)]
(11)
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for the Brownian particle controlled by a time-dependent harmonic potential. Here, 1/β(t)
could be interpreted as an effective temperature of the Brownian particle. Substituting
Eq. (11) into the underdamped Fokker-Planck equation (3), we obtain
(
β˙β−1 +
1
2
λ˙λ−1
)
ρ−
β˙
2
ρp2 −
1
2
(
β˙λ+ βλ˙
)
ρx2 = γ (1− βT ) ρ− γβ (1− βT ) ρp2. (12)
Considering the arbitrariness of momentum p and coordinate x, we derive
βλ = const (13)
and
β˙ = 2γβ(1− βT ). (14)
Solving Eqs. (13) and (14), we obtain
β(t) =
β0
β0T + (1− β0T )e−2γt
(15)
and
λ(t) = λ0
[
β0T + (1− β0T )e
−2γt
]
(16)
where λ0 ≡ λ(0) and β0 ≡ β(0) are the initial values of λ and β at t = 0, respectively.
Thus, in the underdamped situation, if we try to maintain the canonical distribution in a
time-dependent harmonic potential, there is no extra freedom to choose the protocol except
for (16). This feature is quite different from that in the overdamped situation.
B. Constant effective temperature
Here we consider another case that the effective temperature is kept constant by tuning
the potential stiffness λ(t) and medium temperature T (t), simultaneously.
Substituting the canonical distribution function
ρ(x, p, t) =
√
β20λ(t)
2pi
exp
[
−β0
(
p2
2
+
λ(t)x2
2
)]
(17)
with constant effective temperature 1/β0 into Fokker-Planck equation (3), we derive
λ(t) = const (18)
and
T (t) = 1/β0, (19)
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which rules out any nontrivial protocol that can retain canonical distributions.
Therefore, in the underdamped case, it is impossible to retain the canonical distributions
with constant effective temperature by simultaneously tuning the potential stiffness λ(t)
and the medium temperature T (t). This feature is also quite different from that in the
overdamped situation.
V. GENERAL POTENTIALS BEYOND THE HARMONIC FORM
In the above discussions, we have investigated the retainability of canonical distribu-
tions for a Brownian particle in a time-dependent harmonic potential. Here we extend our
discussion to general time-dependent potentials beyond the harmonic form.
A. The overdamped situation
First, we consider a Brownian particle embedded in medium with constant temperature
T in the overdamped situation. The canonical distribution function in a general potential
U = U(x, λ(t)) has the form
ρ(x, t) = Z−1o e
−β(t)U (20)
with Zo ≡
∫
e−β(t)Udx being the partition function. Substituting it into the overdamped
Fokker-Planck equation (4), we obtain〈
β˙U + βλ˙
∂U
∂λ
〉
−
(
β˙U + βλ˙
∂U
∂λ
)
=
1
γ
(1− βT )

∂2U
∂x2
− β
(
∂U
∂x
)2 , (21)
where 〈·〉 indicates the average over the canonical distribution function. Obviously, the
protocols maintaining general canonical distributions depend on the specific form of the
potentials.
If the potential U is an analytical function of x, we could expand it into Taylor series at
the point x = 0 as U(x, λ) =
∑
∞
n=0 an(λ)x
n. Substituting it into Eq. (21), we have〈
∂
∂t
(βU)
〉
δn,0 −
(
β˙an + βa˙n
)
=
1
γ
(1− βT )[(n+ 2)(n+ 1)an+2
− β
n∑
m=0
(n−m+ 1)(m+ 1)an−m+1am+1], (n = 0, 1, · · ·). (22)
Therefore, for a general potential, we should tune the potential stiffness λ(t) according to
Eq. (22) to maintain the canonical distributions for a Brownian particle embedded in medium
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with a constant temperature. If the potential is of harmonic form, a2 = λ/2 and an = 0 for
n 6= 2, the requirement (22) will return to Eq. (7) derived above. For the other potential
forms, Eq. (22) will give a relation between λ and β for each n. Different relations might
be contradictory with each other, which rules out nontrivial protocols that retain canonical
distributions.
Next, we consider the case to retain the canonical distributions with a constant effective
temperature by tuning the medium temperature T (t). The canonical distribution function
could be written as
ρ(x, t) = Z−1o e
−β0U (23)
with Zo ≡
∫
e−β0Udx being the partition function. Substituting it into the overdamped
Fokker-Planck equation (4), we obtain
β0λ˙
〈
∂U
∂λ
〉
− β0λ˙
∂U
∂λ
=
1
γ
[1− β0T (t)]

∂2U
∂x2
− β0
(
∂U
∂x
)2 . (24)
Expanding U(x, λ) as Taylor series, U(x, λ) =
∑
∞
n=0 an(λ)x
n, and substituting it into
Eq. (24), we obtain the following requirement
β0
〈
∂U
∂t
〉
δn,0 − β0a˙n =
1
γ
[1− β0T (t)][(n + 2)(n+ 1)an+2
− β0
n∑
m=0
(n−m+ 1)(m+ 1)an−m+1am+1], (n = 0, 1, · · ·). (25)
That means, for a general potential, if we want to maintain the canonical distributions with
the constant effective temperature, the medium temperature T (t) should be tuned according
to Eq. (25). In the case of harmonic potentials, Eq. (25) will degenerate to Eq. (10). For the
other potential forms, Eq. (25) will give a relation between λ(t) and T (t) for each n. Different
relations might be contradictory with each other, which rules out nontrivial protocols that
retain canonical distributions.
Therefore, in the overdamped situation, the existence of nontrivial protocols to retain
canonical distributions mainly depends on the requirements (22) or (25), which strongly
relies on the specific form of potentials.
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B. The underdamped situation
First, we consider a Brownian particle embedded in medium with constant temperature
T . In the underdamped situation, the canonical distribution function becomes
ρ(x, t) = Z−1u e
−β(t)(p
2
2
+U) (26)
with the partition function Zu ≡
√
2pi/β(t)
∫
e−βUdx. Substituting it into the underdamped
Fokker-Planck equation (3), we derive
1
2
β˙β−1 +
〈
β˙U + βλ˙
∂U
∂λ
〉
−
(
β˙U + βλ˙
∂U
∂λ
)
−
β˙
2
p2 = γ (1− βT )− γβ (1− βT ) p2. (27)
Due to the arbitrariness of momentum p, we have
β˙U + βλ˙
∂U
∂λ
=
〈
β˙U + βλ˙
∂U
∂λ
〉
(28)
and
β˙ = 2γβ(1− βT ). (29)
The above requirement (29) determines the time-dependent behavior of β = β(t). Therefore,
the key point lies in the existence of solutions to (28) for general potential U = U(x, λ(t)).
If U is an analytical function of x, we can expand it as U(x, λ) =
∑
∞
n=0 an(λ)x
n. Then,
the requirement (28) reduces to
βan = Cn (30)
with Cn being a time-independent coefficient for each n. From Eqs. (29) and (30) we can
solve
an = Cn
[
T + (1/β0 − T )e
−2γt
]
(31)
where β0 = β(0). If we suppose
λ(t) =
[
1 +
(
1
β0T
− 1
)
e−2γt
]
(32)
and
u(x) ≡ T
∞∑
n=0
Cnx
n, (33)
the potential may be expressed as
U(x, λ) = λ(t)u(x). (34)
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In this case, if we interpret λ(t) as the strength of potential U , it is clear that we can
solely alter the potential strength λ(t) according to protocol (32) to maintain canonical
distributions in the underdamped situation. The specific function form of (33) is irrelevant.
Now, we consider the case to maintain the canonical distributions while keeping effec-
tive temperature constant by tuning the potential stiffness λ(t) and medium temperature
T (t), simultaneously. When the effective temperature is constant, the canonical distribution
function becomes
ρ(x, t) = Z−1u e
−β0(
p
2
2
+U) (35)
with the partition function Zu ≡
√
2pi/β0
∫
e−β0Udx. Substituting it into the underdamped
Fokker-Planck equation (3), we can obtain
λ˙
〈
∂U
∂λ
〉
− λ˙
∂U
∂λ
= γ
[
1
β0
− T (t)
]
− γ [1− β0T (t)] p
2. (36)
Due to the arbitrariness of momentum p, we derive a trivial requirement that
T (t) = 1/β0. (37)
The rest of Eq. (36) contains two terms with different coordinate x dependence. Considering
the arbitrariness of coordinate x, we may derive
λ(t) = const. (38)
Therefore, it is still impossible to realize a truly “isothermal” process for the Brownian
particle in general time-dependent potential by tuning potential stiffness λ(t) and medium
temperature T (t), simultaneously.
VI. CONCLUSION AND DISCUSSION
In this paper, we discussed the retainability of canonical distributions for a Brownian
particle controlled by a time-dependent harmonic potential in the overdamped and un-
derdamped situations, respectively. First, we considered the case to maintain canonical
distributions with time-dependent effective temperature. In the overdamped situation, we
could retain canonical distributions (Gaussian form) if they are initially canonical. However,
in the underdamped situation, the protocols λ(t) to control the harmonic potential should
abide by Eq. (16) if we want to maintain canonical distributions. Further, we investigated
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the condition to keep the constant effective temperature by varying the medium temperature
and potential stiffness with time. We found that, in this condition, canonical distributions
are retainable merely in the overdamped situation.
The general time-dependent potentials beyond the harmonic form were also investigated,
where the retainability of canonical distributions for a Brownian particle depends sensi-
tively on the form of potentials. In the overdamped situation, the restrictions for protocols
to maintain canonical distributions in general potentials were different from the case of har-
monic potentials. If the potential deviates from the harmonic form, the conclusions derived
in [28] need to be reconsidered. However, we could derive similar protocols to retain canon-
ical distributions in the underdamped situation. Therefore, the conclusions derived in [29]
is still available for general potentials.
The present discussions about the retainability of canonical distributions are based on
the normal Langevin equation. Recently, Liu et al. put forward a new Langevin equa-
tion by introducing stochastic noises in the whole phase space [38]. Whether it is possible
to construct canonical distribution corresponding to the new form of Langevin equations
will be investigated in our future work. The novel framework put forward by Ao and his
coworkers [39–42] to handle stochastic processes may provide new methods to this question.
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